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Abstract. In this paper we consider the following biharmonic equation with critical exponent (P^) : A u = 

Ku"~i^ ^ , u > in Q, and u = Au = on dfl, where SI is a smooth bounded domain in R", n > 5, e is a small 
positive parameter, and 7^ is a smooth positive function in il. We construct solutions of (P^) which blow up 
and concentrate at strict local maximum of K either at the boundary or in the interior of fi. We also construct 
solutions of (Pj) concentrating at an interior strict local minimum point of K. Finally, we prove a nonexistence 
result for the correponding supercritical problem which is in sharp contrast to what happened for (Pe). 
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1 Introduction and Results 

In this paper, we are concerned with the concentration phenomena of the following biharmonic 
equation under the Navier boundary condition 



(P. 



£ ) 



Au = u = on dQ, 



where is a smooth bounded domain in R", n > 5, e is a small positive parameter, p + 1 = 
2n/[n — 4) is the critical Sobolev exponent of the embedding H'^{Q,) n Hq{Q) ^ LP^^(il), and 
K is a smooth positive function in Q. 

The study of concentration phenomena for second order elliptic equations involving nearly 
critical exponent has attracted considerable attention in the last decades. See for example [1], 
[4], [7], [10], [11], [13], [14], [16], [17], [19], [20], [21], [22], [23] and the references therein. 
However, as far as the authors know, the concentration phenomena for problem (P^) have been 
studied only in [12], [15] and [6] for = 1 only. 

The purpose of the present paper is to construct solutions for (Pg) concentrating at various 
point of 0,. More precisely, we are interested in constructing solutions concentrating at a strict 
local maximum point of K either at the boundary or in the interior of fi. We will also con- 
struct solutions concentrating at an interior strict local minimum point of K. Similar results for 
Laplacian equation involving nearly critical Sobolev exponent has been proved by Chabrowski 
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and Yan [11]. Compared with the second order case, further technical difficulties have to be 
solved by means of delicate and careful estimates. Our method uses some techniques developed 
by Bahri [2], Rey[21] and Ben Ayed-El Mehdi [6] in the framework of Theory of critical points at 
infinity. The main idea consists in performing refined expansions of the Euler functional asso- 
ciated to our variational problem, and its gradient in a neighborhood of potential concentration 
sets. Such expansions are made possible through a finite dimension reduction argument. 

To state our results, we need to introduce some notation. We denote by G the Green's 
function of A^, that is, 

A^G'(x, .) = Cn5^ in 
AG{x, .) = G{x, .) = on dn, 

where 5x denotes the Dirac mass at x and Cn = {n — 4){n — 2)|S'"~^|. We also denote by H the 
regular part of G, that is, 

H{x, y) = \x - yf~'^ - G{x, y), for {x, y) G x fi. 

Let 

n— 4 

^x,A(y) = !° ' , ^ , CO = [(n - 4)(n - 2)n{n + 2)]("-4)/8, A > 0, x G (1.1) 

{l + X^\y — x\^) 2 

It is well known (see [18]) that Sx,\ are the only solutions of 

A^u = , u > in M", with u G Lf+^(R") and Au G L'^{W) 
and are also the only minimizers of the Sobolev inequality on the whole space, that is 

S = mf{\\Au\\l2(u«)\\u\\-\^ , s.t.Au£L^,ueL^,u^O}. (1.2) 

We denote by Pdx,\ the projection of the dx,\s onto H^{n) fl iJo(i^), defined by 
A^P(5^,A = A'^Sx,x in n and APS^^x = PS^^x = on dn 

and we set 

'Px,X = Sx,X - P5x,\- 

The space n{n):= H'^{n) n H^{n) is equipped with the norm ||.|| and its corresponding inner 
product (., .) defined by 

\ 1/2 

\Auf] , uG7^(0) (1.3) 



Let 



{u,v)= [ AuAv, u,ven{n). (1.4) 



\u\q = Hii^n) (1-5) 
Ex,x = {ve n{n)/{v, P5x,x) = {v, ^^) = {v, = 0,j = 1, n}. (1.6) 



dX dxj 



Now we state the main results of this paper. 
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Theorem 1.1 Let xq € dO, be a strict local maximum point of K satisfying 

K{x) < K{xo) - a\x - xo\'^+'' \/x G B^{xq) n H, (1.7) 

where /j, > 0, a > and a > i/ n < 6, a G [0, 4/(n — 6)) i/n > 7. Then there is an Sq > 0, 
such that for each e G (0,£o]; (Pe) has a solution of the form 

Ue = OieP5xe,\e + Ve, (1-8) 

where G E^^^x^, and as e ^ 0, 

a, ^ i^(a:o)^^-")/^ \\v,\\ ^ 0, ^ xq, \, ^ +oo, \,d{xe,dn) ^ +oo. (1.9) 

Theorem 1.2 Let xq & ^} be a strict local maximum point of K. Then there is an £q > 0, such 
that for each e G {0,eo], (P^) has a solution of the form (1.8) satisfying (1.9). 

The aim of the next result is to show that if K is flat enough around a strict local minimum, 
(Pe) has a solution concentrating at this point. 

Theorem 1.3 Let xq G O 6e a strict local minimum point of K satisfying 

\D^K{x)\ <C\x-xo\^~^, l = l,...,n-4, Vx G P^(xo), (1.10) 
\K{x)-K{xo)\>Co\x-xo\^, yxeB^ixo), (1.11) 

where L > n — 4 is a constant, and where C and Co are positive constants. 

Then there is an > such that for each e G (0,£o], (Pe) has a solution of the form (1.8) 

satisfying (1.9) and eA""^ — > c > 0. 

In the case n = 5 or 6, we can obtain a better result. 

Theorem 1.4 Assume that xq ^Q. is a strict local minimum point of K. If one of the following 

conditions is satisfied : 
{i) n = 5; 
(ii) n = 6 and 

ciH{xo,xo)-'^^>0, withe, = cr [ ^^C2=/ \y\XTdy^ (1-12) 

then the conclusion of Theorem 1.3 holds. 

The condition (1.12) is nearly necessary. Indeed, we have the following result: 

Theorem 1.5 Assume that xq G is a critical point of K satisfying one of the following 
conditions : 

(i) n > 7 and AK{xo) > 0, 

(ii) n = 6 and ciH{xo, xq) — ^\qx{xo) ^ ^> '^^ere ci and C2 are the constants defined in 
Theorem 1.4- 

Then (Pg) has no solution of the form (1.8) satisfying (1.9). 
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In contrast with the above results, we have the fohowing nonexistence result for the super- 
critical problem. 

Theorem 1.6 Assume that xq & Q is a critical point of K satisfying one of the following 
conditions : 

(i) n = 5 , 

(ii) n = 6 and ciH{xq, xq) — ^^^^^ > 0, where ci and C2 are the constants defined in Theorem 

1.4, 

(iii) n > 7 and —AK(xq) > 0. 
Then the problem 

, . ( A^u = KuP+^, u>0 in n 
\ Atx = n = on dVL, 

has no solution of the form (1.8) satisfying (1.9). 

The proof of our results is inspired by the methods of [2], [6], [11] and [21]. The next section will 
be devoted to some useful estimates needed in the proofs of our results. In section 3 we prove 
Theorems 1.1, 1.2 and 1.5, while Theorems 1.3, 1.4 and 1.6 are proved in section 4. Lastly, we 
give in the appendix some integral estimates which are needed in Section 2. 



2 The Technical Framework 

First of all, let us introduce the general setting. For £ > 0, we define on 7i\{0} the functional 

Je{u) = . ■ (2.1) 

{j^K{x)\u\v+^--y+^-^ 
If u is a critical point of J^, u satisfies on Q the equation 

A^u = le{u)K{x)\u\^-^-'u (2.2) 

with 

/o 



X}\U\- 



Conversely, we see that any solution of (2.2) is a critical point of J^. 

1 

Note that if ii is a positive critical point of J^, then (l^{u))p-^-^ u is a solution of (-Pe). This will 
allow us to look for solutions of (Pg) as critical points of J^. 
Now let 

M, = {{x,x,v) G Q X r; X n{n)/v e e^^x, \\v\\< 

where i^Q is a small positive constant. 
Let us define the functional 



(2.4) 
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Notice that {x, A, v) is a critical point of ip^ if and only if u = P6x,x + v is a critical point of Jg. 
So this fact allows us to look for critical points of by successive optimizations with respect to 
the different parameters on Me- 

On the other hand, (x, A, v) G Me is a critical point of tp^ on Me if and only if there are A, B, 
Cj G K, 1 < j < n, such that 



As usual in these types of problems, we first deal with the v-part of u. Namely, we prove the 
following. 

Proposition 2.1 There exist ei > 0, uq > 0, and a smooth map which to any {e,x,\) G 
(0,ei) X xM."^ with Xd{x,d^l) > Vq^ , andelogX < vq, associates = Ve^x,\ £ Ex,\, H^'ell < 
such that (Ey) is satisfied for some {A, B,C\, ■■■,Cn)e,x,\ € M"'"'"^. Such a Ve is unique, minimizes 
ipe{x,X,v) with respect to v in {v E: Ex^x/\\v\ \ < vq}, and we have the following estimate 



-""^li^^ ^^^^ 



where > 0, k is the biggest positive integer satisfying k < and where d = d{x,dQ) 
Proof. As in [2] (see also [3] and [21]) we write 

tpe{x, A, v) = Je{Pdx,X + v) 

\\PSx,x + v\\^ 



where 



and 



{J^K{y)\PSx,x + v\P+^-^f^'^'-'^ 

V.(a;,A,0) - {fe,v) + ^Q,{v,v) + O {\\v\r^^^'P+^-'^) , (2.5) 

{fe,v)=2Je{PSx,x) 



Qe{v,v)=2Je{PSx,x) 

+{p + S-e) 



V 



|2 



{p-£ 



\\PS.,x\\' J^Kiy)P6^^^'- 
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It follows from Proposition 2.1 [9], and Lemmas 5.1 and 5.2 that 

I K{y)PSl-^'-' = K{x)S^ + o(^^+elogX + , (2.6) 

where k denotes the biggest positive integer satisfying k < n — 4/2 and 6 > 0. 
Now, we observe that 

/ K{y)P6l;,'-%' = [ Kiy)6l;,'-%' + o{\\v\\') 
Jn Jn 

= I K{y)5l-^v^ + o{\\vf) 

= K{x) f 6l^\' + o{\\v\\'). (2.8) 

One can check that (see [9]) 

\\PS,,x\\'' = Sn + Oi{Xd)'-^). (2.9) 
Combining (2.6),..., (2.9), we obtain 

2Je(i'5x,A) 



Qe{v,v) 



\v\\' 



-p[ C^' + «(IHI') 



(2.10) 



According to [5], there exists some positive constant independent of e, for e small enough, such 
that 



-P f > cll^l^ Vi; G E^^x. (2.11) 

Jn ' 



It follows from Lemma 5.2 that 



It is easy to see that Proposition 2.1 follows from (2.5),..., (2.12). □ 

Next, we prove a useful expansion of the functional Jg associated to (Pe), and its gradient in a 
neighborhood of potential concentration sets. 
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Proposition 2.2 Suppose that Xd{x,dQ) — > +00 and elogA ^ as e — > 0. Then we have the 
following expansion 



+ 



QP+l-e 
>->n 

2 

n - 4 



1 - 



(n - A)c2l^K{x) 
2n?SnK{x)\^ 



n 



, , . iLzl C3 \ ciH{x,x) 



+ 
+0 



e log A 1 

e log A 



^ n—4 



J=3 



l^^)l 

A^' 



+ e^log^X + { ifn < 8) 



XAd)"-4 

where Sn, ci, C2 and C3 are defined in Lemma 5.1. 
Proof. According to [9], we have 

\TDX ll2 a H[x,x) 
\PSx,\\\ =Sn-Ci , +0 



(Ad)2(»-4) 



A' 



n—4 



(Ad) 



n-2 



We also have 



\p+l-e 



f K{y)P5l^^-' = f K{y) (<5,,, - ^,,,> 

= / ^(2/)Ca'" - b + 1 - ^) / 



+ 



1 



B{x,d) (Adj" 



We now observe that, for n > 8, we have < 2 and thus in this case we have 



Jb 



'B{x,d) 



B{x,d) 



n rt 
r n — 4 , ^ n — 4 



< Ibx.AllS) 



B{x4) 



o 



{Xdy— log(Ad) 
(Ad)" 



(Ad) 



n— 1 



and, for n < 8, we have 



Jb(xA) 



(Ad2)("-4) 



-l-£ 



■4) 



x,\ 



o 



(Ad)2("-4) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 
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Thus using Lemma 5.1 and (2.15) , (2.16), we obtain 

K{y)P6l+^-' = K{x)Sn + ^^^^ - eK{x)Sn (log X 



C2AK{x) T^(^\a (^ ci2nK{x)H{x,x) 

2 _|_ 



Sn) (n-4)A"-4 



n— 4 



+ o\ . + . + > :- — r-^ + 



elogA , 1 ^\DiK{x)\ , 1 

e log , / \ ^2 , / • J? ^ o^ ^ 



J— 3 



+ O [^-^ + (elogXy + i^fn < 8)^^^^^ ) • (2.17) 

(2.13), (2.17) obviously show that Proposition 2.2 holds. □ 
The following lemma gives the basic property of the functional defined in (2.3). 

Lemma 2.3 Assume that x € Q, such that d = d{x, d^l) > do > 0, and let be the function 
obtained in Proposition 2.1. Then the functional l^ has the following expansion : 



K{x) 



-, ^ / 1 , X '^\D'K{x)\ ^\D^K{x)\^ 1 

j=2 3=1 



where k is the biggest positive integer satisfying k < . 
Proof. We have 

\\PS,,x + v,\\'' = \\PS,,x\\'' + \\ve\\''. (2.18) 

We also have 

/ K{y)\P6,,, + v,r'-^= [ K{y)PSl-^^'-' + (p+l-e) [ K(j/)P,5^7/^;, + 0(|K|p).(2.19) 
Jfi Jfi Jn 

Thus, using (2.13), (2.17), (2.18), (2.19) Lemma 5.2 and Proposition 2.1, we easily derive our 
lemma. □ 

Lemma 2.4 Assume that x E Q such that d = d{x,dQ) > do > 0, and let be the function 
obtained in Proposition 2.1. Then the following expansion holds. 



V7 T fDX 1 ^ ^^^^^ 



9^ J {SnK{x))^- 



C2in- i)AK{x) ci{n- i)H{x,x) 
n'^K{x)X^ X^ 



^ {n-A)^Sne ^ ^ / elogA ^ 1 , e^logA , elogA 



2nA V ^""^ A A'*-3 

^("^iDiKix)] A |Z)JK(x)|2 1 ^.^ 1 



3 1 / 



where k is the biggest positive integer satisfying k < . 
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Proof. We have 



dP5 



x.X 



dX 



{IaK{y)\PS.,x + v,\P+'-^)^+^-^ 
Jn 



dP6^ 



'x,X 



dX 



.dP6 



x,X 



dX 



According to [9], we have 



PSx,X, 



dP^x,x\ ci{n-4:)H{x,x) 



dX 



2A 



n—3 



+ 



(2.20) 



(2.21) 



On the other hand it follows from Lemma 5.2 and Proposition 2.1 that 



/ K{y)\PS^^y, + v, 
Jn 



\p-e 



dPS 



x,X 



dX 



K{y)PSl 



-.dP6. 



x,X 



+ 



ip-e) [ K{y)P6l^'-%, 

[ K{y)P5l- 
Jn 



■.dP6^ 
dX 



dPSx X ^ 

/ k 



X2j+1 ' X2k+3 ' ;\n-3+26> + X 



(2.22) 



We are now going to estimate the integral in the right-hand side of (2.22). To this aim, we write 
-dP5, 



L ""^y^"^^^^' -dx- = L ^^^^'^^'^ " ^^''^ — — 



d(px,\ 
dX 



+ 0{ I 5^1--'^-'^ ^ 1 



x,X 



+ 



As in (2.15) and(2.16) we derive that 

I d(px,x 



O 



X X 



^l.x 



n-l 



(2.23) 



\x X 



0{^ + (ifn < 8) 



Lemma 2.4 follows from (2.20),..., (2.24) and Lemmas 2.3, 5.1. 

Lemma 2.5 Suppose that K satisfies the assumptions of Theorem 1.3 and 
\x - xol < e^/^, A G [c£-V(-4), c'£-V("-4)]. 

Then 

||t,,|| = o(£(i+-)/2), 
where a is a positive constant and where is defined in Proposition 2.1. 



(2.24) 
□ 

(2.25) 
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Proof. It view of Proposition 2.1, we only need to check 

0(e^+'"). (2.26) 



X3 

But, by assumptions imposed on iiT, we see that if a > is smaU enough, then 

< ^\x-xo]^ ^ ^^^^^ ^ ^ _ 

□ 

Lemma 2.6 Suppose that K satisfies the assumptions of Theorem 1.3 and (2.25) holds. Then 
we have the following estimates: 

3- (VJ.(P5.,. + ..),^) = o(£^+^-^), 

where is defined in Proposition 2.1. 

Proof. Lemma 2.4 and (2.26) give Claim 2. To prove Claim 1, we write 

(VJ,(P<5,,A + ve), P5.,x) = ^ [{P5x,x, PSccx) 

{InKiy)\PS,,x + v,\P+^-^)^+^-^ 



MPSx,x + Ve) [ Kiy)\P6,,x + Ver'PSx,> 
Jn 



and thus, using Lemmas 5.2, 2.3, Proposition 2.1, (2.13), (2.17) and (2.26) we easily derive 
Claim 1. 

As in (2.21), (2.23) (see also [9])we have 

dPS.,, \ dH{x,x) ci / 1 \ 

^'^^'^'^^J- dx, 2A-4+^lA^j- ^^-^^^ 



Then Claim 3 follows. □ 

Next, our goal is to estimate ||3i;e/9A||, where is defined in Proposition 2.1. To this aim, 
we follow [11], namely, we write the following decomposition 

Ove „^ ^dPSr X x-^ dPS^x 

^ = » + „W,. + /J^ + i:,,^, (2^29) 

j = l J 

where a, /? and 7j are chosen in such a way that w G E^^x. 
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Lemma 2.7 Let a, (5 and 7^ he coefficients in (2.29) and assume that (2.25) holds. Then we 
have the following estimates 

Proof. Taking the scalar product of (2.29) with PS^^x, dPS^^x/dX and dPSx,x/dxi for i = 
1, n, we obtain 

a\\PS.,x\\' + ^(^,PS.,x)+±i, 

j=i 



a[PS.,x,^]+P 



dP6 



dX 



7=1 ^ 



dP6^ x dPS:, 



x,X 



= - V, 



d'^P6, 



a;, A 



o 



A2 



dX 



, p. dP5.,_x\ ^ ^ f dP5,,x dP5.,,x\ , ^ f dP5^^x dP6^,,, 



dxi J \ dX ' dxi J ^ ^ V Qx-i ' dxi 



/ 1=1 V 



d'^Pb. 



x,X 



dXdxi 



OiWn 



Thus, we derive that 



^{Sn + 0{e)) + ^0{e) + J2 IjOie) = 
"-0(£) + A(c; + 0{e)) + J2^jO{s) = O 



^"V-/ ^2V-n "V-/y ^ /./^v-/ " \^ A2 
^0(£) + ^0{S) + ^ 7,0(£) + l^{Cn + 0{S)) =0(^ 

Solving the above system we get the desired estimates. □ 

Now, for a fixed G Ex^^Xq, we denote Tr{x,X) the orthogonal projection of wq onto E^^x- 
We then have 

wo = 7r{x, A) + a{x, A)P5,,a + b{x, A)^^ + ^ji^^ ^^-^^^ 

j=i 1 
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Lemma 2.8 The map 7r(., .) is with respect to x and X, and 



a{xo,Xo) = 0, 



da{xo, Aq) 
dX 



O 



\wo\ 
X 



b{xo,Xo) = o, ^%^ = o(IKII), 



gj{xo,Xo) = 0, 



dx 

dgj{xo,Xo) 
dX 



O 



\wo\ 
A2 



Proof. First of all, we easily deduce from the fact that wq G E^q^Xo the following: 

a{xQ, Ao) = b{xQ, Xq) = gj{xQ, Aq) = 0. 
Secondly, it is clear to see that a{x,X), b{x,X) and gj{x,X) satisfy 

a\\P5,,x\\'' + b(^^^,P6,,x^ + Y^^g^ (^^^,P6,,x^ = iwo,P6,,x) , (2.31) 



a PSx,\, —TT. — I + b 



dX 



dPS 



2 n / 
7 = 1 ^ 



dX 

fdP5^ dPS^^x 
\ dX ' dxi 



dP5^,x dPS^,x 



dxj ' dX 



dPS 



Wo, 



x,X 



dX 



+ 



n , 



\ \ dxj dxi 



(2.32) 



Solving the above system we easily see that a(x, A), h{x,X) and gj{x,X) are with respect to 
X and A. Differentiating (2.31), (2.32) and (2.33) with respect to A, we obtain 



da{xo,Xo) 2 , db{xo,Xo) (dPSxoM 



'a:o,Ao 



dPS. 



dxi 



Wo, 



dPSxo,Xo 

dx 



dgj{xo,Xo) 

dx 

= 0, 



da{xo,Xo) 

dx 



dPS^o^Xo\ . db{xo,Xo) 
i^OxoM^ — ~- I + 



dX 



dx 



dP6. 



'xo,Xo 



dxi 



dX 



Wo, 



dx 

dX^ 



2 n 



dgj{xo,Xo) 



dx 



= 



\Wo\ 

A2 



da{xo,Xo) / ^^4o,Ao \ a6(xo,Ao) / (9P(5a;o,Ao dPSr,g^Xo \ 

dX l^^^^O'^o' ^ dx \ dX ' dxi ) 



■A agj(xo, Aq) / dPS^g^Xo 
^ dX \ dxi 



dP6 



xo,X(] 



dXdxi 



= o(|KI 



Thus, as in the proof of Lemma 2.7, we derive the desired result. 



□ 
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Proposition 2.9 Assume that (2.25) holds. Then, we have the following estimate 

dve 



dX 



O 



where is defined in Proposition 2.1. 



Proof. In view of (2.29) and Lemma 2.7, we only need to estimate \\w\\. Let 7r(x',A') be the 
orthogonal projection of u; G Ex^x onto E^'^y. Thus we have 



(VJ, {P6x,,x' + ve{x', A')) , 7r(x', A')) = 0. 
Differentiating (2.34) with respect to A' and letting {x',X') = (x,A), we obtain 



(2.34) 



D^MP6x,x + v.) (^ + ^,-) + (VJ.(P<^.,. + ..),^^) =0. (2.35) 



dX dX 
It follows from Lemmas 2.6 and 2.8 that 



Ob f , , dP5xx\ "A So. / , , dPSxx 

+ ^ ( VJs{P5x,x + V,), ) + E ^ ( '^MPS.,x + vs) 



dx \ 



o \\w\ 



.l-o- 



+ £ 



1-CT+- 



+ 



1-a ^ ' 



A2 



O 



(||u;||£^-''+^) . (2.36) 



Combining (2.34) and (2.35) and taking Lemmas 2.6 and 2.7 into account we obtain 

D^MPdx^X + Ve){w, W) = -D^MP6,,x + Ve) + ^P^x,X + 0-^^"'^ 



dX 



dxj 

-D Je{PSx,X + Ve) I ,W 1 + O ' 



= -D^J,iP6x,X + Ve 

We now claim that 



dX 

dPSx, x 

dx 



+0 (^\\w\\e^+'^y (2.37) 



D^J,{P6x,x + Ve){w,w)>p\\w\f, 
for some positive constant p and 

D^MPSx,x + Ve) (^,-) =0 (||..||£^+^) . 



(2.38) 



(2.39) 
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Then obviously (2.37), (2.38) and (2.39) imply that = O (^e^+^j, and Proposition 2.9 
fohows. 

It remains to prove (2.38) and (2.39). To this aim, we write 



2(9?, V') 4{PS,,,x + Ve,^) 



' .+1 



(/^ K{y)\u\P+^-^) -+-^ (/^ K{y)\u\P+^-^) 

X / K{y)\PS,,, + v,r^^|; 4(P^..A + V')^ f K(y)\PS,^, + v^r^^ 

Jn {J^K{y)\u\P+^~^)^^^^ 

(/n'f(»)l^'5.,J+''=l''+'-')'+-*' 

(/!!«(!/)|W,,j + o.ri-=)i=n=^+' J» 
Verification of (2.38). First, we notice that 

iPS,,x + Ve,w) = {v,,w) = o(e^'+''^/^\\w\\) , (2.41) 

where we have used Lemma 2.5. By Lemma 5.2, we see 

J^K{y)\PS,,x + Ver'w = J^K{y)\P5,,xr'w + 0i\\vM^\\)=0[^^ . (2.42) 

Thus (2.38) follows from (2.40),... ,(2.42) and Proposition 3.4 in [5]. 
Verification of (2.39). We have 

(-^- . ^) ^ (p.... ?^)^0{^).0 (.-^) . (.44) 

Also, it follows from(2.22) that 

I^K{y)\P6,,, + v,r^^^ = O (5^+^) , (2.45) 
and by Lemma 5.2 as in (2.42), we have 

I Kiym,. . ..r '-^w . X .fe)ip...r . o ( "M) 

(l+CT I 1 \ 
\\w\\e~^^A . (2.46) 

Combining (2.41),..., (2.46) we obtain (2.39) and this completes the proof of Proposition 2.9. □ 
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Lemma 2.10 The derivative of the functional satisfies 



dP5^ 

dX 



{K{x)Sn)^- 



(n - AfSne 
2nA2 



ci{n-A){n-i)H{x,x) ^ / i+^+2/(n-4)^ 
A"-2 V / 



Hi) ^(v..(w.,, + ..),^)=o(.-), 



Proof. By easy computations we have 



First, we estimate D'^J^{P5x,\ + v^) Using Proposition 2.9, we obtain 



5A 



.1+0-+ 



As in the proof of Lemma 2.4, we have 
Combining (2.44), (2.45), (2.47), (2.48), we obtain 



(2.47) 



(2.48) 



V dX ' dX 



-{p- e)h{PSx,x + ve) K{y)\PS,,x + Vel^ 



) • (2.49) 



We now notice that 



dP6,,x 

dX ' ^ dx, ' 



— = n^ + aP5x,x + P^^ + ^li 
, w = 0. 



^ 7/, I = n 

dX 

Consequently, it fohows from Lemma 5.2 and Proposition 2.9 that 

-l-edP5x,X 



[ Kiy)\P6x,^ + v,r 



dX 



-w 



= O (|£l+^+2/(»-4) j . 



(2.50) 
(2.51) 

(2.52) 
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Now, using Lemmas 5.2, and 2.7, we obtain 



a I K{y)\P6,, 
Jn 



dP5 



x,\' 



dX 



Q J^gl+a+2/(n-4)~J 
l+(T+2/(n-4)^ 



(2.53) 
(2.54) 



In the same way, we have 



\ dx ' dxi 

As in (2.22), (2.23) and using Lemma 2.3 we have 



p-eMPS,,x + Ve) f K{y)\PS,,x + Ver'- 
Jn 

X / K{y)PS^^,'- 
Jn 



Q |^^l+a+2/(n-4)~J _ 



(2.55) 
(2.56) 



dP6. 



dx 



dP5. 



x.X 



dX 



P{p-e%{PS^,x + Ve) 

+0 (^£l+-+2/(n-4) j ^ 



then, by Lemma 2.7, we derive that 



P 



dP6 



'x,\ 



dX 



-P(p-s%{P5,,^ + v,) I K{y)\Pd,, 

Jn 



|p— 1— e 



dP6 



'x,X 



dX 



Q j^gl+a+2/(n-4)^ _ 

(2.57) 



Combining (2.47),..., (2.57) we obtain 



D'Je{P5x,x + ve) ^) = O . (2.58) 



We now write 



d^P5^ , 



dPS 



x,X 



dX 



K{y)\PS^^^ + v, 



m— 1— £ 



dP6^ 



x,X 



dx 



2n 



{p-e)le{P6x,X + Ve 
d^PSx,X 



+ [PSx,x + v.,-g^j 



-l,{Pd,^^ + v,) [ K{y)\P6,,x + Ver 



.d'^ps. 



'x,X 



dX^ 



+ 



Q J^^l+^+2/(n-4)^ 
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{p - e)le{P5^,x + ve) {{p-\-e) K{y)PSl';. 



d'^PS. 



5A2 



2-£ 



dP5^ 



dX 



d^Pd. 



We now observe that 



dP6 



'x,\ 



dx 



la, ( 



2 / dP6x,x\ dP6x,x 



dX J dX 

'd''P5x,x 



^7n^'' dX dX ' 



(2.60) 



Thus, using (2.60), (2.61) and Proposition 2.1 of [9], we obtain 

d'^P5x\\ ci{n-?,){n-A)H{x,x) 



dP6. 



x,X 



dX 



+ PS: 



x.Xj 



dx^ 



2X 



n-2 



+ 



A" 



(2.61) 



(2.62) 



As in the proof of Lemma 5.1 and using Proposition 2.1 of [9] , we find 



(p-e) [ K{y)PS] 



dPS. 



x,X 



dX 



+ / K{y)P5:-^' 



■p-ed'^PSx,X 



5A2 



_ (ra - 4)'^SnK{x)e _ ci(n - 4)(n - 3)K{x)H{x, x) 
On the other hand, using Lemma 2.3 it is easy to check 



+ o(e^+''+^y (2.63) 



-(p-e){p-l-eMPSx,x + Ve) I K{y)P5l-- 

Jn 

-{p- e%{P6x,x + Vs) [ K{y)P5l 

JQ 



2-e 



dP5. 



x.X 



dx 



-l-ed^P^xJ 



9A2 



dx'^ 



(2.64) 
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Combining the above estimates, Claim (i) follows. The proof of Claim (ii) is similar to that of 
Claim (i) and therefore is omitted. To prove Claim {in), we write 



d_ 

dX 



where wc have used Lemma 2.6. 

Now, as in the proof of (2.58), we obtain 

D'MPS^,, + (^^, P4,a) = O (ei+-+V(n-4)) . 
Computations similar to that in the proof of Claim (i) show that 

D'MPS^,X + Vs) ^'^^-a) = O (sl+V(n-4)) . 



dP6, 



(2.65) 



(2.66) 



(2.67) 



Hence, Claim {in) follows from (2.65), (2.66) and (2.67). This completes the proof of Lemma 



2.10. 



□ 



Lemma 2.11 Let A, B and Cj be the constants in {Ey), that is, 



dv 



i=i 



where t/j^ is defined by (2.4). Then we have the following estimates 

A = (e^-^) , B = (£i-V{n-4)^ ^ Cj = (£i-+V(n-4)) ^ 



Proof. By Lemma 2.6, we see that A, B and Cj satisfy 
A\\P5^,xf+B 



A {P5^,x. 
A {P5^,x. 



dP6:c,X 

d\ 

dPd^,x 
dxi 



+ B 



+ B 



dP5^, 



2 n 
+ 



n , 



dX ' dx.: 



O 



\ dxj 



.7 = 1 



dX 



dP6,. dP6,^, 



dxi ' dxi 



for 1 < i < n. 



(2.68) 
(2.69) 

(2.70) 



) = O (6^+^) , (2.71) 



(2.72) 
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Solving (2.70),..., (2.72), we obtain (2.68). Differentiating (2.70),..., (2.72) with respect to A and 
using Lemma 2.10, we obtain 

dB /dPS^ dPS^\ A (dP5^ dP5^\ 
dX\ dX ' dxi y ^ V dxj ' dxi J 

= O {e^-") , for l<i<n. (2.75) 



OA ( dP5,,x 

ax V dxi 



□ 



Solving (2.73),..., (2.75), we get (2.69). 

3 Proof of Theorems 1.1, 1.2 and 1.5 

First, let us introduce some notations. For two constants /? and L such that L > /? > we 
define a set 

D^ = {xenn B^g{xo) I d{x,dn) > e^}. (3.1) 
For constants < Co < Ci we set 

>^hM = Ci l^^^^j i = 0,l 

and we define the following set 

M, = {{x, X)\xeD„ Xe [Xh,{x), Xh,{x)]}. (3.2) 

Constants /?, L and Q will be determined later. We now consider the following minimization 
problem 

mi{^,{x,X,Ve)\{x,X)eM,}, (3.3) 

where Ve is defined in Proposition 2.1. It is obvious that for small fixed e > problem (3.3) has 
a minimizer (xg, A^). In order to prove that (x^, X^jV^) is a critical point of ■i/'^, we only need to 
prove that {xg, Ag) is an interior point of Mg. 

Proof of Theorem 1.1 We prove that if e > is small enough, the minimizer {x^, A^) of (3.3) 
is an interior point of M^. First we show that if Cq and Ci are suitably chosen, then 

A, G(A^^(a;,),A^^(x,)). (3.4) 

Using Proposition 2.1 and the fact that {x^, A^) is a minimum point of (3.3), we obtain 

l/jeiXeAcVe) <tJje{xeA,0) for all A G [A^^(Xe), A^^ (x^)]. (3.5) 
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As in the proof of Proposition 2.1, we obtain 

1pe{Xe, Xe, Ve) = tpe{Xe, Xe, 0) + O {\\Ve\f) 

= Mxe, A„ 0) + O (^^ + + -—1-^ j . (3.6) 

It follows from Proposition 2.2 that 
ciH(xe,Xs) n-4 / C3 \ ^/l 2, 2^ 1 slogAg \ 



SnAr' n H ^ ^ 5j ^ ^ V Ar ^ (A,4)"-4+2^ (Ae4)'^-^ 

< + ellogX— + ^]+0{-. + e^log^X + 



SnX^-^ ' Ti V ' ' VA' (A4)"-4+2V 

Since E D^, we get < < e^. If we choose /? satisfying 

/3>max{i--l^,0}, (3.8) 

then there exists a 7 > 0, such that 

log^ A . O (e= log ) . O log (-i^)) . O . ,3.10) 



1 

1 „ / £ \ "-4 1 



< c 



±=0 (£V(-4)) . (3.11) 



Ade \H{x^,Xs) J dt 

Consequently, we have 

Inserting (3.9),..., (3.12) into (3.7), we obtain 

SiEE^ + log A.=^ < + log aS^ + O . (3.13) 

Let 

We then have from (3.13) 



BiHARMONic Equation 



21 



Since 1 1-^ g + log ^ ^ i ^ > 0, attains its global minimum at 



we deduce from (3.15) that as e — > 0, — > i*. If we choose 



'^'^ 2V(n-4)5„j ' 2V(n-4)S, 

then, for e > small, wc obtain (3.4). Now, it remains to prove that .t^ is an interior point 
of D^. To this aim, let be the inward unit normal of dfl at xq. Let = xq + ev and fix 
K £ (^Co(^£)''^Ci(-^£))- Since d{ze,dQ.) = e, we have 

l/(n-4) 

A* ~ ( ^ ) = £-("-3)/(n-4) _ 



We have 

V'e(a:e,Ae,^;.) <V'e(^e,A:,0). (3.17) 

In view of Proposition 2.2, we have 

(p-l-e)/{p+l-e) 

^-0) = (K(..))V(p+i-^) I' + ^ (^i°g(V^))] 



(j>-l-e)/{p+l-e) 
>-'n 



(l + 0(£))[l + 0(£l0g(l/£))] 



{K{xo)f/^^'-^^ 

(p-l-e)/(j,+l-e) 

— , [l + 0(£log(l/£))]. (3.18) 

(K(xo))'/^+'-") L V Bw yyj 



Using (3.18) and Proposition 2.2, (3.17) becomes 

p—l — e 



P+l-e 



cii/(xe,X£) n-4 / nz^ C3\ . 1+ ■ 



c,{p-l-e)/{p+l-e) 

<— ^77^^[l + 0(£log(l/£))]. (3.19) 

We now consider two steps. 

Step 1. We claim that ^ {x \ d{xe,dQ,) = e^}. Arguing by contradiction, suppose that 
d{x,dn) = e^. Then 



A.>A^„(x,)>c( ,^,„._,J >-r. (3.20) 



l/(n-4) ^ 

Since ^(xe) < K{xo) and using (3.20), (3.19) implies 
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^^-^L£l0g(l/£) +0(£) < C£l0g(l/£), 

where C is a positive constant independent of L. So we get a contradiction if L is chosen large 
enough. 

Step 2. We claim that dB^f3{xo). Again arguing by contradiction we assume that G 
dB^g{xo). Then by assumption on K, we have 

1 ^ 1 ^ l + a'e/3{2+a) 



where a' > 0. Hence, if we can choose /? > satisfying 

/3(2 + a)<l, (3.21) 

then, using (3.19), we obtain 

^/^/3(2+a) < C'£log(l/£), (3.22) 

which is impossible. Thus it remains to prove that we can choose a /3 > 0, such that (3.8) 
and (3.21) hold. We distinguish two cases: {i)n > 7 and {ii)n = 5, 6. In the case (i) since 
a G [0, ;^), we can choose (3 G (1/2 - l/(n - 4), 1/2) satisfying f3{2 + a) < 1. Finally, if 
n = 5,6, we can take /3 > sufficiently small such that (3.21) holds. From Steps 1 and 2 we 
deduce that x^ is an interior point of D^. 

By construction, the corresponding = PSx^^x^ + is a critical point of J^, that is, = 

1 

{le{ue)p-^-^Ue Satisfies 

A^We = K\we\^~'we mO., = Awe = OH dQ (3.23) 

with \w^\L2n/(n-4)(^Q-j Very small, where 'w~ = max(0, —Wf,). As in Proposition 4.1 of [8], we can 
prove that = 0. Thus, since We is a non-negative function which satisfies (3.23), the strong 
maximum principle ensures that > on Q, and then is a solution of (Pe). This ends the 
proof of our Theorem. □ 

Proof of Theorem 1.2 Since the proof of Theorem 1.2 is similar to that of Theorem 1.1, we 
only point out the necessary changes in the proof. Let S > such that Va; G Bs{xo),K{x) < 
K(xq). We consider the minimization problem. 

M{iIj,{x, a, v,)\xe Bs{xo), A G [e"^, e^^]}, (3.24) 

in place of (3.3), where < /3 < L are some constants to be determined later. Let (x^, A^) be a 
minimizer of problem (3.24). Prom ^^(xe, A^, Ve) < ■^^(xo, A^, 0), and the fact that xq is a strict 
local maximum, we easily derive that ^ xq. Next, we show that L and (3 can be chosen so 
that e->^ < Xe < £"^. On one hand, it follows from Proposition 2.2 that 



p—l—e 
P+l-e 



K{xo)p+^-^ 



(3.25) 
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On the other hand, by Lemma 5.2 and (2.17), we have 



< K{xo) f \PS,,x + v,\P+'-' + O (A-" + Ib.ir^-^) 

JBsixo) 

= K{xo)\f \P5,,xr+^-' + {p+l-e) I \P5,,xr'v, 
Jn Jn 



\p+l-e\ 



K{xo) 



Sn-{p + l-e) 



CiH(x,x) „ /, C3 , ^, 

' ^ ' ^ sSn [logX 2 +_1 ) + ( £ 



Xn-4 



1 



We 



+ 



{p+1- e){p- e) 



[ 

Jn 



■£ 2 



+ 



^ log A 1 2 , 2 X II 



A^+^ 

min(3,p+l— e) 



Clearly, the above estimate implies 



ll}e{x,X,Ve) > 



QP 



Kixo) 



ciH{x,x) (n — 4) 



^nA"-4 



+ p|K||^ + £^log^A + 



n 



n-4 C3 



e log A 2 + 



e log A 1 
+ 



\n-4+20 A"~^ A"~2 



> 



CP 



ii:(xo)^'+i 



l + ^^?M + ^.flogA^ + ^ 



25„,A"-4 



2n 



Sn 



(3.26) 



Using the inequality tpsixe, ^e,Vs) < ipeixQjE ,0), we deduce from (3.25) and (3.26) that 



CiH{Xe,Xe 



+ 



n-4 
'2n 



(n - 4)^ 
2n 



■4£l0g(l/£)+0(£^+'^). 



(3.27) 



As in the proof of Theorem 1.1 we proceed in two steps. 

Step 1. We claim that Ag < for L > sufficiently large. Arguing by contradiction, suppose 
that \e = e~^. Then it follows from (3.27) that 

£Llog(l/£) < 8£log(l/£) + O {e^+^) , 

which is impossible if L is large enough. 

Step 2. Ae = e^^ is impossible if /3 > is small enough. Assuming that Ag = £~^, we deduce 
from (3.27) that 

^(n-4)/3 < C'£log(l/£), 

which is impossible if j3 is small enough and therefore our result follows. □ 

Proof of Theorem 1.5 Arguing by contradiction, suppose that (Pg) has a solution of the form 
(1.8) and satisfying (1.9). We start by showing that £logA£ — >■ as £ — > 0. Indeed, multiplying 
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{Pe) by P6xg,Xg and integrating over Q, we obtain 

Jn 

= i^(y)P5^+;,-+o(iKii). 

As in (2.14), we have 

/^(^)^Cir = %^(l + -(l))- (3-28) 
Consequently by (2.13), (3.28) we have 

^^^n = ^^^1(^4)^^ (1 + + (3-29) 

where o(l) ^ as £ — > 0. Since — > iC(xo)^^~"^''^ and ^ iZ^Q clS £ — > 0, we deduce from 
(3.29) that slogAe ^ as e ^ 0. 

Next, we estimate v^- Multiplying (P^) by and integrating over Q, we obtain 

|K||2= / K{y)\a,P5,^,x, + Vsr'v, 
Jn 

= / K{y)P6l-lv, + {p- £)«r^- / K{y)P6l:):^%', + O (||t;,r^-(3,p+i-e)j 
= / Kiy)P6l;;^,v, + {p - e)ar'-'Kixe) [ Slj^v', + o (||^,|p) . (3.30) 
It follows from Proposition 3.4 in [5] that there exists a p > 0, such that 

\\v,\f-{p-e)ar'-'K{x,) [ 6l;lv', 

= \\Vef-V jjl:X/e+o{\\Vef)>p\Wf. (3.31) 

Combining (3.30), (3.31) and with the aid of Lemma 5.2 we get 

||,||_g(^ l^-^(^e)| 1 1 A .332. 

11^-11 - ^ A, A2 + ;^e+(n-4)/2 j ' ^3.32j 

We now assume that n>7. Multiplying (P^) by dPSx^,\g/dX and integrating over CI, we derive 
that 

Arguing as in the proof of Lemma 2.4, we easily arrive at 



nAf 2A£ V^f Af Ae Af A^ 
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Since ^K{xe) > and elogAe — > as £ — > 0, we get from (3.33) that 
which is impossible. 

Finally, we consider the case n = 6. As in the case n > 7 we derive the following relation 
C2/^K{xe) \\ ^ ^Sr.e ^ ( e „ 

CiH{Xe, a^e) To + 7"^ + « + V? =0' 



36K(xe) ' ' " ") A| ' 6Ae ' VA. A|^ 
which contradicts the assumption [ii). This completes the proof of Theorem 1.5. □ 



4 Proof of Theorems 1.3, 1.4 and 1.6 

In this section, except in the proof of Theorems 1.4 and 1.6, wc always assume that K satisfies 
the conditions in Theorem 1.3. We now start by proving the following propositions. 

Proposition 4.1 There exists an Eq > 0, such that for each e G (0, eo]; there exists a C^-map 
Ag : B^i/L — >■ M"*", X I— >■ A£(a;), such that Xeix) satisfies (Ex). Moreover, Xe{x) = te(x)e~^/^"'~^^ 
with 

\te{x)-to{x)\=0{sn, (4.1) 

where a > and 

, , /2nciiJ(x,x)\^/("-^) 



(n - 4)5„ 

Proof. Using Lemma 2.4, and the fact that (2.25) holds, we obtain 



-{x,X,Ve) = 



{SnK{x))^^- 



-ci{n - 4:)H{x,x) {n-AySne 



n-3 



2nA V / 



(4.2) 



On the other hand by Lemmas 2.5, 2.11 we have 
B 



Consequently, equation {Ex) is equivalent to 

_cjn-mi^ ^ ^^4^ + O (.^+^+-) = 0. (4.4) 
Letting Ag = tee"^/^""^), we deduce from (4.4) that 

_r:iB^^(j^^O(e')^0. (4.5) 
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It is easy to see that (4.5) has a solution 

' 1 / 2nciH{x, x) \ ^ 3 / 2nciH(x, x) \ ^ 
2 Iv {n-4)Sn J ' 2 Iv {n-4)Sn J 



This imphes the existence of Xe{x) satisfying {Ex). Next, we show that Xe{x) is a C^-map in x. 
To this aim, let 



Then it follows from Lemma 2.10, Lemma 2.11 and Proposition 2.9 that 

^ ^ iKix)S^)^\ 2nA2 J +^ J > 0, (4.6) 

for all A G (^i ( Tn-?)sJ ) ' i ( Tn-?)gJ ) ■ Consequently, the equation (Ex) has a 
unique solution in 



A G 



1 f 2nciH(x, x)\"-i 3 /2nci-ff(x, x) \ "-^ 



2 V (n - 4)5n£ y ' 2 V (n - 4)5„e 



and since all the terms in (Ex) are of with respect to x and A, we deduce that Xe{x) is a 
map in x. 
Now, let 

_ (n-4)cig(x,x) (n - 4)^Sn 
+ 2nt • 

We then have 

$(to(x)) = 0, $(i.(x)) = O (e'^) . (4.7) 

Since $'(to(a;)) > 0, it follows from (4.7) that \te{x) — to{x)\ = O {e'^) and this completes the 
proof of Proposition 4.1. □ 

Now, we consider the following maximization problem 

sup{V'£(a;, \s{x),V£{x, X£{x))) \ \x - xo\ < e^^^}. (4.8) 

Then (4.8) has a maximizer x^ ^ {x \ \x — xo\ < e^^^}. In order to prove that x^ is a critical 
point, we only need to prove that {x^ — xo\ < e^/^. 

Proposition 4.2 Let x^ he a maximizer of (4.8). Then there exists a ct2 > 0, such that \xe — 
xq\^ = O (e^'*''^^). In particular, if e > is small enough, x^ is an interior point of B^i/l{xo). 
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Proof. It follows from Lemma 2.5, Propositions 2.2, and 4.1 that 

'llje{x,Xe{x),Ve{x,Xe{x))) 



p—l—s 
QP+i+s 



ciH(x,x) (n — 4)e 
1+ „ ./ +- 



Q \ n— 4 



n 



logA— + -|)+0(£i+'^) 



(4.9) 



Letting 



we deduce from (4.9) that 



-l-£ 



tpe{x,\s{x),Veix,Xe{x))) 



QP 

'->n 



P+i+s 



ciH(x,x)e (n — 4)^e, , , 



n — A , , , 
+ ^elog(l/e) + 



Sntoixy-'' 

(n - 4)c3e 



2n 

+ 0(^1+'^) 



(4.10) 



Since x^ is a maximum of (4.8), we have 

Ai^s, \s{Xe),Ve{Xe, \e{Xe))) > IpeixQ, Xe{xo),Ve{xo, Xe{xo))). 

This, together with (4.10) and the assumption 

K{Xe) > K{xo) + Co\Xe - Xo\^ , 

imply 

\Xe -Xo\^< Ce (log H{Xe, Xe) - log H{XQ, Xo)) + O {8^+") 

= O {e\x, - xo\) + O {8^+'') . 

Hence \xe — xq]^ = O [e^'^'^'^), where (72 is a positive constant. Thus Proposition 4.2 follows. □ 

Proof of Theorem 1.3 We only need to prove that {x^, Xe{xe),Ve{xs, Xs{xs))) satisfies (Ex). 
Indeed, we have by easy computations 

dtps dips dX f dips dv dv dX \ 



+ 



+ 



dxi dX dxi \ dv ' dxi dX dxi ) 



dipe 

dxi 



+ 



B 



+ 



n . 



5A2 

dPd^^x dv 
\ dxj ' dxi 



-,v 



V dXdxj 

1=1 ^ ■> 



dX 



+ B 



dP5x,x dv 



dxi \ dX ' dxi 



B 



dP6x.\ dv\ 



+ 



n / 

EC, - 



dPSa-.x dv\ 



V dX ' dXj ' \ dxi ' dX J 



dX 
dxi 



diPe r^f^P^ \ 

d^i~^['dXd^'''j~^^^ 

.7=1 



d^P5.r 



dxidxj 
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This obviously shows that (E^) holds and as in the proof of Theorem 1.1, we see that the 
corresponding Us = P5x^^\^ + i;^ is a solution of {Pe)- D 

Proof of Theorem 1.4 Theorem 1.4 can be proved in exactly the same way as Theorem 1.3 
□ 

Proof of Theorem 1.6 Arguing by contradiction, let us suppose that {Qe) has a solution 
of the form (1.8) and satisfying (1.9). We start by showing that occurring in (1.8) satisfies 
^£(n-4)/2 ^ -|^ ^ _^ Q jn(jgg(j^ multiplying (Q^) by PSx^^x^ and integrating over Q, we obtain 

as\\PS,,,x£= I K{y)\a,P5x^,x.+v,\^+'P5,^,x. 
Jn 

J f2 

As in (2.14), we have 

= K(Xe)cSA^('^-^)/2 f ^P+l+e ^ o(A^("-4)/2) 

= SnK{x,)\<^-^^l\\ + o{\)). (4.11) 
Consequently by (2.13) and (4.11), we have 

a,Sn = aP+'SnK{x,)Xl^^-^y^ (1 + o(l)) + o(l). (4.12) 
Since a, is:(xo)(^-")/^ and ^ Xq ctS £ — > 0, we deduce from (4.12) that Ag — > 1 as 
Next, we are going to estimate the Vg-part of u^. Multiplying (Q^) by and integrating 



over O, we obtain 



= / K{y)\aeP5x^,x^ + Ver+'ve 
Jn 

= ar^ [ K{y)PSmv, + {p + e)ar'+^ [ K{y)PSl;);^%! 

+ O (^\\v,\f + J \v,\P+^+'^ . (4.13) 
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According to Lemmas 4.4 and 4.5 of [6], we have 

f = 0(1) and \v\l^^^^ = 0(1), 



therefore 



Observe that 



= \\v,\f - {p + e)al-'+^K{x,)cl\^^^-'^/' [ Cl^' + ^dl^H')" (4-14) 

Since xq, K{xoY^^'^^^^ A^^"""^)/^ — > 1 as e ^ 0, it follows from Proposition 3.4 

of [5] that 

(p + e)aP-'+'Kix,)4>^<^-'^/' j 5l-Xvl > p\\ve\\\ (4.15) 



where p is a positive constant independent of e. 
As in Lemma 5.2, we have 



K{y)P5i::,v. = O {^^^ + e + 1 + -^^^^J (4.16) 

Then we deduce from (4.13) and (4.16) that 

,, ,, ^(\DK{xe)\ 1 1 \ 

|M=0(l-^+. + 3^ + ^;^^j^j. (4.17) 
Now, multiplying (Q^) by dPSx^^x^/dX and integrating over J7, we derive that 

Arguing as in the proof of Lemma 2.4, we easily arrive at 

C2AK{xe) ciH{xe,Xe) (n - 4)Sne ,^f]_ £ log log 



+ 1 X3 a" A"-3+2e + ;^n-3 ) " (4.18) 



For n = 5, it follows from (4.18) that 



CiH{Xe,Xe) ^ jn - 4)S'n£ _^^/J__^^] 



A? 2nAe VA^ Xs 
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which is impossible. 

For n = 6, we derive form (4.18) the following relation 



+ ciH{x„x,) — + _ + o — + — =0, 



which is a contradiction with the assumption (ii). 
Finally, for n > 7, we derive the following relation 



n^K{xe)Xl 2nX, \XI A,^ 

which contradicts the assumption {iii). This completes the proof of Theorem 1.6. 

5 Appendix 

In this appendix, we collect the integral estimates which are needed in Section 2. 

Lemma 5.1 Suppose that Xd{x, dQ) +oo, elog A — >■ as e — > 0. 
Then the following estimates hold 

1- / K{y)5l^^-\y)dy = K{x)Sn + ^^^^ - eK{x)Sr, (log A^ + 

('iZ^\DiK{x)\ 1 elogA 2i 2x 



.^^ Ai A"-3 A2 ' ' {XdY 

where = /r„ C2 = [ypj^+^dy, cg = (5^|^ log (5o,i(y)(iy and d = d{a 

n [ Tr( \xP-^ ciK{x)H{x,x) /elogA 1 \ 

2n 

w;/tere ci = Cq"'' (i_(_|y|2')(n+4)/2 a'^^^ cq is de/inecZ m (1.1). 

dS^^x, K{x){n-AfSne (n - 4) AK(x) 



„ [ ^. ,a5,,A , i^ x n-4^5„£ n-4 

3- y^^(y)^^,A(y)^rfy = i;^^^ ^3 



^le^iogA elogA \^\D3K(x)\ 1 1 
+ O 1 h > H h 

^ \ ^ \3 ^ Xi+1 ^ Xn-2 ^ 



A A3 ^ AJ+1 A"-2 A(Ad)^ 



^ / jv-^ ^'^^'^ (^-4)^ ciK{x)Hix,x) ( elogA 1 
4- ^-.A^ = -^(;r^ + ^^A()^ + A(Ad)^ 

. [ T^f.^,P-e d^x,\ _ {n-A)ciK{x)H{x,x) elogA , 1 ^ 

L^^^^'^ 5A " 2 A"-3 +^U(Af^)"-^ A(Ad)"-2;- 
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Proof. Using the fact that 6~l = l-£ log d^^x + O (e^ log^ A) , we obtain 

/ K{y)5l^^-^{y)dy= [ i^lj/^^J (1 - elogcJ,,,) + O ( / Sl-^^\slogXy 

JB(x,d) Jb(xA) 



l + A2|y-x|2)M/2 



{x,d) J B{x,d) 

B(x,d) \( 

+ 0(e2log2A + (Ad)-") . 

Thus, using Taylor's expansion, we easily derive Claim 1. 
Now, using (see [9]) 



H{x,y) ^ ^( 1 ^ 



we derive that 



^ f rp coK{y)H{x,y) / elogA 1 \ 

JB(x,d) + ^ V (At^)"-^ (AcZ)"-2 ; 

_ coK{x)H{x,x) f .p ,^ 

" A("-4)/2 A„ '^-.A + 



and therefore Claim 2 follows. 

To prove Claim 3, we use again Taylor's expansion and we thus obtain 



\J^3 ^^'^^ A"-2^A(Ad) 
K{x) d ( 1 



+ 



p+l-edX \x^^ 
AK{x) d 



2n{p+l - e) dX VA^+^ 



2 JM" 



\J^3 ^^^^ 

= -K{x)e ^ (1 + 0{e)){l + 0(£ log A)) 
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\D^K{x)\ 1 1 



Thus Claim 3 follows. 

Now we are going to prove Claim 4. To this aim, we write 



K{x)H{x,x) r .p-i d5^^x / 1 elogA \ 



A 2 JB{x,d) 



and we can thus easily derive Claim 4. 
Lastly, we have 



and thus Claim 5 follows. The proof of Lemma 5.1 is thereby completed. 

Lemma 5.2 Let k be the biggest positive integer satisfying k < {n — 4)/2. Thus, for 
V G E^ x, we have 

f , . .v-E I ^ \D:'K{x)\ 1 1 



> n — 4 

(Ad) — 



2. x+E 



.^1 •■ A^^^ A(Ad)^ 



„ /• ,^,p-i-e dPS,,x / X , V- [^■^'-^(^)l , 1 , A \ „ „ 



where 6 is a positive constant. 
Proof. We observe that 



k 



=K{.) /^c,,(i-siogM("-)/^).+o >^ 

+ o(e[ dPlogil + X^\x-a\'^)\v\)+ol- 
\ Jn ' ^ \i 
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and thus Claim 1 follows. 
We also observe that 

Thus, using Taylor's expansion, we easily derive Claim 2. 

In the same way, we can prove Claim 3 and therefore the proof of our lemma is completed. □ 
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